The profile of interfaces separating different phases of statistical systems is investigated in the framework of renormalized field theory. The profile function is calculated analytically in the local potential approximation, using the effective potential to two loops. It can be interpreted as an intrinsic interfacial profile. The loop corrections to the leading tanh-type term turn out to be small. They yield a broadening of the interface.
Introduction
Many systems of statistical physics can develop interfaces, separating different phases or substances. These include binary liquid mixtures, liquid-gas systems and systems of immiscible polymers [1, 2, 3, 4, 5] . The properties of interfaces are important for the behaviour of such systems. They have been investigated both experimentally and theoretically and are subject of current research.
The profile of an interface characterizes its geometry. It determines several other properties such as the interface width and interface tension and therefore plays a central role for the physics of interfaces. Interfacial profiles are investigated experimentally through scattering of photons or neutrons [6] . Theoretical studies of interfacial profiles include numerical Monte Carlo simulations [7, 8, 9, 10] and field theoretic calculations [4] .
The simplest description of interfaces is based on mean field theory [11] . The interfacial profile is described by a continuous order parameter φ(x) representing the difference between the concentrations of the two coexisting phases. In the Landau-Ginzburg approach the free energy density is written as [12] 
In the situation with interfaces the potential is of the double-well type,
The minima of this potential correspond to the two homogeneous phases. The mean field correlation length ξ 0 is given by
(
In mean field theory the interfacial profile is given by minimization of the free energy density (1) with boundary conditions appropriate for an interface. This leads to the differential equation
If we choose the interface to be perpendicular to the z-axis, we find the typical hyperbolic tangent profile [13] φ
Its width is proportional to the mean field correlation length ξ 0 . The parameter z 0 specifies the location of the interface and will be set to 0 in the following. Corrections to mean field theory come from fluctuations of the order parameter field. They can be calculated systematically in renormalized perturbation theory. The fluctuations result in different modifications of the mean field result. First of all, higher order corrections change the form of the profile from the tanh-function to a different function f . Secondly, renormalization of the parameters v 0 and ξ 0 becomes necessary and consequently the mean field correlation length ξ 0 is replaced by the physical correlation length ξ, which diverges near the critical point with a characteristic exponent ν. A profile of the form
corresponds to the scaling form proposed by Fisk and Widom [14] . Finally, long-wavelength capillary wave fluctuations lead to the roughening phenomenon [15] . It implies a further broadening of the interface such that its width depends logarithmically on the system size and diverges in the limit of an infinite system. In this article we consider corrections to mean field theory by means of the "local potential approximation", which is popular in the study of nonhomogeneous structures in field theory and cosmology. It takes into account corrections to the local potential V (φ), whereas contributions involving higher powers of derivatives are neglected. The resulting interfacial profile is of the scaling form (6) . In the local potential approximation the effects of capillary waves are not fully taken into account. The profile function therefore describes a kind of intrinsic interfacial profile.
Our calculations are performed in D = 3 physical dimensions in contrast to the ǫ-expansions, where D = 4 − ǫ and an extrapolation to ǫ = 1 is necessary. We calculate the potential to second order in the loop expansion. Renormalization of the three-dimensional field theory is performed in the scheme used in [16] to two-loop order, employing the results of [17, 18] . The differential equation for the interfacial profile is solved analytically in terms of special functions. The resulting profile is compared with results from Monte Carlo calculations.
Previous studies of interfacial profiles in the framework of field theory have been made in [20, 21, 22] . In [20, 21] the profile is calculated to first order in the ǫ-expansion. In [22] it is calculated in D = 3 dimensions at one-loop order in the presence of an external gravitational field.
Effective potential
The effective potential can be calculated in the loop-expansion by standard field theoretic methods [23, 24, 25] . The starting point is the Hamiltonian density
We write the mean field potential as
where the bare mass m 0 = 1/ξ 0 is equal to the inverse bare (mean field) correlation length. The Hamiltonian is
In the physical situation the number of dimensions is of course D = 3, but we shall keep D variable to allow for dimensional regularization.
The normalized partition function with an external source is defined through the functional integral
where
and the usual prefactor β = 1/kT is set to 1 by a suitable normalization. The free energy is
and finally the Gibbs potential, which is called effective action in field theory, is obtained by a Legendre transformation
where the so-called "classical field" is
For a constant function φ c (x) ≡ φ the effective action yields the effective
More generally, in a derivative expansion the effective action can be represented as
where the dots imply terms with a higher number of derivatives, and Z(φ(x)) is a field renormalization factor. The effective potential V (φ) is the basic quantity for the discussion of spontaneous symmetry breaking and non-homogeneous configurations [26] . The effective action can be calculated by means of the loop expansion in the form
where the leading term Γ 0 = −H is equal to the negative Hamiltonian. In the corresponding expansion of the effective potential,
the leading term V 0 is the mean field potential (8) .
The first order contribution to the effective action is
with the differential operator
Setting φ constant, the first order correction to the effective potential can be obtained by Fourier transform as
For small values of the field, |φ| < m 2 0 /g 0 , this contribution has an imaginary part. Actually, for small values of the field the system is unstable due to spinodal decomposition. According to [27] the imaginary part of the effective potential is to be identified with the decay rate of the mixed state. For the calculation of the interfacial profile the real part of the effective potential has to be employed.
The two-loop contribution to the effective potential is obtained through the calculation of two Feynman diagrams:
We treat appearing divergencies by dimensional regularization in D = 3 − ǫ dimensions and obtain
where γ = 0.577 . . . is Euler's constant. This potential is being used for the calculation of the interfacial profile.
The Profile
In the local potential approximation the effective action is approximated by
The factor Z 3 is the usual field renormalization constant in the broken symmetry phase, given by
with v denoting the minimum of the effective potential. The interfacial profile φ(z) is now obtained in the local potential approximation as a solution of the differential equation
where V r denotes the real part of the effective potential. For an interface perpendicular to the z-axis the appropriate boundary conditions are
The resulting profile function contains diverging coefficients coming from the 1/ǫ term in the second order effective potential (23) . These are treated by the usual renormalization procedure. We adopt the renormalization scheme used in [16] to two-loop order. The renormalized mass m R = 1/ξ is equal to the inverse correlation length ξ, which in turn is defined through the second moment of the correlation function. The field φ and its value v in the minimum are renormalized according to
The renormalized coupling is specified as in [28] through
In addition we define a dimensionless renormalized coupling according to
Employing the relations given in [17, 18] , the bare quantities m 0 and g 0 are expressed in terms of their renormalized counterparts. This yields an expression for the renormalized interfacial profile φ R (z) depending on the parameters m R and u R . In this expression the divergencies are cancelled, as they should.
The solution is expanded in the form
Here we have introduced the variablê
The leading order contribution has of course the form of the mean field profile χ 0 (ẑ) = tanhẑ .
It should, however, be distinguished from the mean field profile, as it contains the physical correlation length instead of the mean field one. It represents a refinement of Landau theory that is consistent with scaling [14] and holds near the critical point.
Due to the fact that the effective potential has a point of non-analyticity, the first and second order contributions are also non-analytic. For |ẑ| smaller or larger than artanh(1/ √ 3), the functions χ 1 and χ 2 take different forms, which are called χ 1s , χ 2s and χ 1l , χ 2l , respectively. For the first and second order correction we obtain [19] χ 1s (ẑ) = 1 12ẑ sech 2ẑ + 2 9 sinhẑ coshẑ − 2 3 tanhẑ (35) 
The contributions of the various orders and the resulting profile function are displayed in Fig. 1 . For the renormalized dimensionless coupling we have chosen u R = 14.3, which is a typical value in the critical region [29] . The figure shows that the corrections are small compared to the leading term and therefore the interfacial profile at second order can be approxi-mately described by a tanh function. It can also be seen that the higher order corrections lead to an increase of the interface width. The broadening of the interface can be specified more quantitatively in terms of a broadening factor α by fitting the total profile function to
where the prefactor is fixed through the asymptotic behaviour of χ(ẑ). For u R = 14.3 we obtain a value of α = 0.80. A numerical investigation of the interfacial profile in the three-dimensional Ising model has been made by Stauffer [7] for a temperature, which is one percent below the critical one. The resulting order parameter can be described rather well by a tanh function and the numerical fit yields φ = 0.372 tanh(0.1 z/a) ,
where a denotes the lattice spacing.
In order to compare with our result we have to convert the units by using
with f − = 0.2502(8) [30] and ν = 0.630 [31, 32] . For T /T c = 0.99 this gives 0.80 m R 2 z = 0.088 z a .
The broadening factor deviates from the Monte Carlo value by only 12%. The significance of this coincidence is, however, not clear, since the Monte Carlo calculation includes the effects of capillary waves, and the definition of the interface width, used there, diminishes the intrinsic contribution.
Conclusion
We investigated the interfacial profile in the framework of renormalized field theory using the local potential approximation. For this purpose the effective potential has been calculated in the loop expansion to second order. The resulting profile function is obtained analytically. It is of the scaling form and can be interpreted as an intrinsic profile. To lowest order the profile is of the mean field type. For typical values of the coupling constant in the scaling region the higher order corrections are small. They imply a broadening of the interface of about 25%.
